Introduction
It is a major challenge in superstring theory to relate the intrinsic properties of strings to particle physics. One approach to this problem is to investigate the low-energy effective action [1] , in which string effects should appear in the form of interaction terms which are absent in more conventional supergravity theories. In this paper we consider the low-energy limit of the ten-dimensional heterotic string [2] , which corresponds to ten-dimensional supergravity coupled to Yang-Mills. Application to physics implies that compactification to four dimensions is required, and for phenomenological reasons a remaining N = 1 supersymmetry in four dimensions would be preferred (for a review of the phenomenology of N= 1 supergravity, see e.g. ref. [3] ). One way to investigate the possibilities for such compactifications is to consider the ten-dimensional effective action. This effective action is therefore a crucial ingredient in phenomenological applications of string theories.
The purpose of this paper is to obtain all contributions to the effective action up to and including terms quartic in the Yang-Mills and gravitational curvatures, and to obtain the transformation rules under local supersymmetry of the fields. Thereby we obtain all relevant terms for the study of compactification to this order. These terms have been collected in appendix A. The main body of this paper deals with the derivation of these results. The reader who is only interested in the final answer is referred to appendix A which can be studied independently.
Essentially four methods have been employed thus far to obtain information about the effective action. String amplitude calculations [4] [5] [6] [7] [8] provide information about the bosonic part of the effective action, and have the advantage that the string aspects are implicitly taken care of. On the other hand, it is difficult to incorporate fermions in this approach, and supersymmetry therefore remains unclear. Although calculations can be performed for tree-level [4, 5] and one-loop amplitudes [6] [7] [8] , extensions to higher loops are extremely difficult. Nevertheless, some results for two-loop amplitudes have been recently obtained [9] . Another approach is through the calculation of loop corrections in supersymmetric sigma-models [10] [11] [12] . The requirement that the fl-function vanishes should determine the equations of motion of bosonic background fields. These equations of motion then determine the desired effective action. Also in this approach the inclusion of fermions and supersymmetry is nontrivial. One way to avoid this problem is by taking supersymmetric field theory as a starting point. The obvious problem is then to relate to the string aspects. Both superspace [13, 14] , [15, 16] and Noether methods [17] [18] [19] have been applied so far. Superspace seems to have a natural connection with strings through e.g. the Green-Schwarz superstring [20] . However, superspace methods are technically involved, and not very explicit in view of the applications we have in mind. The Noether method, which we employ in this paper, appears at first sight rather primitive. Nevertheless, its explicit nature as well as a number of tricks which we will explain below and in the next sections, make it a viable approach to the construction of effective actions.
The main guideline in our construction of the quartic effective action will be the assumption that the Yang-Mills and gravitational contributions to the effective action should appear symmetrically. The first place where this symmetry is important is in the construction of the quadratic effective action, i.e. the action that contains quadratic terms in the Yang-Mills and gravitational curvatures. This quadratic action includes Yang-Mills and Lorentz Chern-Simons forms. The Yang-Mills Chern-Simons form was obtained in the coupling of d = 10 supersymmetric Yang-Mills theory to supergravity [21] [22] [23] . The Lorentz Chern-Simons form plays a crucial role in the cancellation of anomalies in the d= 10 EinsteinYang Mills theory [24] . It breaks local supersymmetry however, and much effort has been devoted to the construction of its supersymmetric version in ten dimensions.
A rather simple method to construct the quadratic effective action that includes both the Yang-Mills and the Lorentz Chern-Simons form is to employ a symmetry that exists between the Yang-Mills and supergravity fields in ten dimensions [25] .
This symmetry between Yang-Mills and supergravity also exists in six dimensions and has been used to construct a supersymmetric RZ-action for d = 6 conformal supergravity [26] . It has also been obtained in superspace [16, 27] , and has been used in the construction of d = 10 R2-actions in that context [16] . Since this relation is a crucial ingredient of the present work, let us briefly discuss the essential point.
The spin-connection %~b of d-dimensional gravity plays the role of an SO(d -1, 1) gauge field, gauging the local Lorentz transformations which are a part of the gauge symmetries of supergravity. At first sight, this suggests that in constructing an R2-action one should take the Yang-Mills F2-action, and replace everywhere F(A) by R(w). Although this looks promising at first sight, the two gauge fields A (Yang Mills) and w (Lorentz) do not have the same behaviour under supersymmetry transformations. In d= 10 however the way to continue is rather clear: one should not identify ~ with an SO(9,1) gauge field, but rather an appropriate combination of w and H, where H is the field strength of the antisymmetric gauge field, B,,, of d = 10 supergravity. With a suitably chosen basis for the supergravity fields the identification can then be made and the construction of the RZ-action becomes trivial [25] .
This paper is organized as follows. In sect. 2 we give a short overview of the construction of the quadratic action [25] . More details are given in appendix B. We use coupling constants a and/3 to distinguish between different sectors (quadratic, cubic, quartic) of the action. With g being the Yang-Mills coupling constant, we use/3 = 1/g 2. For the SO(9,1) multiplet which represents the supergravity sector we use an analogous coupling constant a. It has the same dimension as /3, and is proportional to a', the inverse of the string tension. The quadratic effective action is then of the form o~R 2 +/3F 2.
In sect. 3 we discuss the cubic c~2R3 + a/3RF2-action. We find that there are no purely bosonic terms in this action, in agreement with string amplitude calculations. Nevertheless, sect. 3 is a key section to this paper. In particular we prove a lemma, which essentially says that the variation of the aR2-action gives only terms which are proportional to the equation of motion of the supergravity fields at O(c~°), i.e. the equations of motion following from the R-action. This lemma is the key to the remainder of the paper, since it is used in many places to cancel contributions to the variation of the action, also in higher orders. Finally, although no terms in the action are generated which are relevant for compactification, we are forced to modify the supersymmetry transformation rules of the supergravity fields. These are crucial for compactification, and are among the terms collected in appendix A.
Sect. 4 is devoted to the construction of the quartic 0~3R4+ ot2/3R2F2 + o~/32F 4 action. We make use of the results of string amplitude calculations to make an ansatz for the bosonic part of the quartic action. We then determine by a Noethermethod calculation the leading terms of the quartic action, and in particular all terms which are relevant to compactification scenarios. Again new variations of supergravity, and now also of Yang-Mills fields, are required. Our results do not coincide in all detail with those of string calculations [5] . One should keep in mind, however, that there is a certain ambiguity in these higher order invariants. One always has the freedom to redefine the supergravity and Yang-Mills fields order by order, and this in general will modify the effective action. Therefore, in comparing different results, one should only consider those terms which are not affected by such redefinitions.
In this paper we obtain the part of the quartic effective action which follows from the supersymmetrization of the Yang-Mills and Lorentz Chern-Simons forms. This does not yield the complete quartic action. Both string amplitude and sigma-model calculations uncover another R 4 term [4, 11] , which does not have a Yang-Mills counterpart and which we do not construct here. At the linear level the supersymmetrization of this term is given by superspace techniques [28] , and it is probably in that context that its structure is most conveniently described.
In sect. 5 we give our conclusions and outline some approaches to the remaining problems. Appendix A contains all terms in the quartic effective action and transformation rules which are relevant for compactification. Appendix B gives more details of the construction of the quadratic effective action. In particular it contains all higher order fermionic terms in the action and transformation rules.
The O(a) and O([3) terms in the effective action
In this section we will review the construction of the R2-action [25] . The essential ingredient in this construction is the formulation of d= 10 supergravity as an SO(9,1) Yang-Mills multiplet. This identification is crucial for the extensions to invariants containing higher powers of R as well. This we will discuss in later sections of this paper.
The complete supersymmetrization of the Yang Mills Chern-Simons form has of course been known for a long time [23] : it is the action of a Yang-Mills multiplet coupled to d= 10 supergravity. In component form the supersymmetrization to O(a) of the Lorentz Chern Simons form, the R2-action, was obtained in ref. [25] . in the present recapitulation of that work, we mainly want to set the stage for the calculation of higher orders in a, and therefore it is not very useful nor illuminating to repeat all details here. In particular, in the higher-order calculations we will no longer keep track of contributions to the action which are quartic in fermions, nor will we present the variations which determine such terms. Accordingly, in the present discussion we will impose the same restriction, and present only leading terms in the action and transformation rules. In appendix B we gather the complete result to O(c 0 and O(/3), including a number of details which were not presented in ref. [25] .
The transformation rules of the coupled d= 10 supergravity and Yang Mills fields are to lowest order (6~,,(8t~,,) indicates contributions proportional to c¢'(/?"), 8 o corresponds to the leading terms, independent of c~ and fi): 
{2.7)
The formulae presented here differ from those given in ref. [22] . This is due to a number of redefinitions in the fields and transformation rules. The precise correspondence between (2.1-2.7) and [22] can be found in ref. [25] . The reason for these redefinitions is that we want to bring the supergravity multiplet to a form in which it can be identified with an SO(9,1) Yang-Mills multiplet. The present basis allows such an identification. To see this, note that the leading contribution to the as an coupled to supergravity holds true also when terms of higher order in the fermions are taken into account.
Therefore an invariant of the form 2'(R)+,5('(R 2) can be written in complete analogy with (2.6 and 2.7): (2.11) . It is the action of a G × SO(9,1) Yang-Mills multiplet coupled to supergravity. However, there is a difference in interpretation between (2.7) and (2.11). We want to interpret (2.11) as a gravitational R2-action, and not as an SO(9,1) Yang-Mills action in which the Yang-Mills fields are independent of the supergravity fields. Therefore we must consider the possibility that the transformation rules (2.8) and (2.10) are modified because of eqs. (2.3) and (2.12), the additional transformation rules in the supergravity sector. Indeed, these modifications to 6B,~ imply the following O(a) and 0(,8) transformations:
where Xah =-aR~,,~a(~2_)~b"d+ fi trFex, This concludes the construction of the R2-action. Note that the only transformations which break the exact invariance are (2.14). This is guaranteed by the known invariance of (2.6) and (2.7), in which higher order terms in fi are already taken into account. Thus, to obtain the variation of the action in the next order, we only have ah ~ab to use the variations (2.14) of ~2 and in eqs. (2.11) and (2.6). As we shall see in the next sections, the relatively simple structure of eqs. (2.14) and (2.15) allows us to determine higher-order invariants as well. The symmetry between G (Yang Mills) and SO(9, 1) (supergravity) sectors in (2.14) and (2.15) will play an important role in these calculations. It is due to the fact that both the O(a) and the O(fl) variations arise from the Chern Simons forms in H, and these obviously have the same structure for the Yang-Mills and Lorentz groups.
One may wonder in what sense the R2-invariant presented here is unique. Clearly, a -R "~(0 one could have considered terms containing the Ricci tensor R~ (~'2)= ~, ,__ ), or the Ricci scalar R(~2_)= R~,~(~2), as well. However, the Ricci tensor is the leading term in the zehnbein equation of motion to order a °. Therefore such contributions to an aR2-action can always be cancelled by a redefinition of the zehnbein of order a. Thus there is an ambiguity in the supersymmetrization of Chern Simons forms, corresponding to such redefinitions. In the following sections we will sometimes employ this possibility of redefining fields to simplify actions and transformation rules. It should be stressed however, that the terms containing the full Riemann tensor, such as the R2-term in eq. (2.11), are not affected by such redefinitions, and uniquely characterize the invariant action to this order in the parameters a and ft.
The O(et 2) and O(ell3) terms in the effective action
It is not too difficult to extend the results of the previous section beyond O(c 0 and O(fl). In ref. [25] we made the following claim: no a2R3+ c~flRF 2 action is needed to supersymmetrize the Lorentz and Yang-Mills Chern-Simons term to O(c~ 2) and O(afl), but new O(c~ 2) and O(afl) variations of the supergravity fields are generated. These additional O(c~ 2) and O(cq3) variations of the supergravity fields have been given in ref. [25] .
The new variations were presented in ref. [25] in a form which is rather inconvenient for the calculation of the quartic effective action, the subject of the next section. The new transformation rules are unconventional in the sense that they contain derivatives of the supersymmetry parameter. This is rather unpleasant since many technical tricks involving supercovariantizations which we would like to use during our calculation rely on the fact that such derivatives do not occur.
We will show that by using a slightly different cancellation mechanism than considered in ref. [25] the undesirable feature mentioned above can be circumvented. The only price we have to pay is that the action will contain a few explicit O(~ 2) and O(cq?) terms (see eq. (3.17)).
As was explained in the previous section the O(c~ 2) and O(c#~) variations of the action are completely determined by substituting 8~2~ "b and 8~ oh, given in eq. (2.14), in the action (2.6) and (2.11). We then use the following lemma:
Lemma. (3.3) where T~o~ , is defined in eq. (2.15) and #~., q), '/'~, A and ~ are the equations of motion to lowest order in ~ and fi (i.e. following from (2.6)) of the supergravity fields e.", 0, ~, X and B~, respectively.
In the lemma the lowest order equations of motion (O(c~°)) play a crucial role. and therefore it is useful to present these equations at this stage. The equations of motion for the supergravity fields are
A = e0 3(8D(~)X + d~r-%,~-12(, 10~)X -~F°~"XH°~,), (3.6)
'/'~= eO 3(
For the Yang-Mills fields we have
In the covariant derivatives in eqs. (3.9) and (3.10) the first covariantization concerns the Lorentz, the second the Yang-Mills structure. We present only the purely bosonic part of the bosonic equations of motion, since the terms bilinear in fermions play no role in eq. (3.2). Note that in this order g'I,-I : 0. The proof of the lemma proceeds as follows. An arbitrary variation of ~2"!' and ~,h in £W(R)+2'(R 2) gives
The terms in brackets in eq. (3.11) are nothing but ~a¢" and Y. but with the dependence on the Yang Mills fields A~, and X everywhere replaced by f2~ "h and ~"#. This can be understood from the complete symmetry between the R 2-and F2-actions. Eq. (3.11) can be simplified by using the identities ~@(/2+,/2 )(e~b 3R~"a(/2 )) = 2eqS-3e X'e °aqx (/2 + )( R01~(/2 + ) -3~01 (/2 + )(q~-' 0%))
The derivation of these identities requires the use of the Bianchi identity for R,,~b(f2 +) and q,,t,. The additional terms containing T "~b arise from the application of the Bianchi identity of H,, x. In the T term in eq. (3.12) the/2+ covariantization acts on the Lorentz index a, /2_ on the indices cd. Finally, to obtain eqs. (3.2) and (3.3) one uses the identities
F~ + 2~-Du(/2+)7~ = e-lq53( qzt* + ¼v~F~A ).
(3.15)
Note that the combination of equations of motion which occur in eqs. (3.14) and (3.15) and in eq. (3.2) are precisely those in which the H-dependence can be absorbed in a spin connection with torsion /2+. Also, under supersymmetry these combinations transform into each other, e.g.,
3(~+ J~2F~,A)
This variation is important in the cancellation of 31£* ° in eq. (3.2). The term containing T~xp in eq. (3.16) is of higher order in a and 13. We now consider the above lemma for 6~b ab and 3/2u ab as given in eq. (2.14). The terms given 31X 9 (see eq. (3.2)) determine the full O(a 2) and 0(a13) variation of the X'(R)+Zp(R2)+~(F z) action. Since all terms in (3.2) contain equations of motion of the supergravity fields it is in principle possible to cancel them all by modifying the supersymmetry transformation rules of the supergravity fields. This cancellation mechanism was used in ref. [25] but leads to the undesirable feature discussed in the beginning of this section. To avoid this we isolate the ~e terms in eq. (3.2), which occur in the first (after a partial integration) and in the last term. These ~c terms will be cancelled by adding new terms to the action which contain an explicit gravitino field. These new terms take the form The last term in eq. (3.18) is of higher order in a and /3, and must be taken into account in the next section. The other terms, and the remainder of eq. (3.2), we cancel by modifications of the supergravity transformation rules. These modifications can then be written as follows We have thus established the main result of this section: an O(a2), O(a/3) supersymmetric extension of the Lorentz and Yang-Mills Chern-Simons term can be obtained by adding to the action given in eqs. (2.6), (2.7) and (2.11) the terms given in eq. (3.17) and by adding the new variations (3.19) to the transformation rules of the supergravity fields given in eqs. (2.1), (2.2) and (2.12). We note that the new terms (3.17) added to the action do not contain a bosonic R3-term. This result agrees with superstring amplitude calculations [4] [5] [6] [7] [8] and superspace arguments [13] [14] [15] [16] , which also shows that a bosonic term must be absent at this level. The variation of e~, ~' in (3.19) is only determined up to a field-dependent local Lorentz transformation. On the other fields this local Lorentz transformation is either absent or of higher order in the fermions, and can therefore be ignored.
Of course the result obtained in this section is not supersymmetric to higher order in a,/3, i.e. O(a3), O(a2/3) and O(a/32). TO obtain an invariant up to that order new terms have to be added to the action which are of the form o:3R 4, a2fiF2R 2 and afi2F 4. The determination of the structure of these terms will be the subject of the next section. In this section we have already encountered a number of terms which will play a role in the determination of the O(c~ 3, a2fi, a,82) action. Since there are several distinct sources we will discuss them in order. (i) The new variations of the supergravity fields lead to O(a 2) and O(afi) variations of £2/b and 4Y'. The substitution of these new transformation in the £a(R) +~(¢(R 2) action gives variations of the desired order. Clearly, all the new variations from this source can be cancelled by applying the lemma of this section. The contributions from this source to the action and the transformation rules will be further discussed in sect. 4.
The full transformation rule of qg' given in eqs. (2.1) and (3.19), can now be written as
20)
.~, ab ab 1 3
where "'t,+_ =/2t*_+ -T-6ae q}g,p~x(12+)(e~a-3T~'"b).
This suggests that it might be advantageous to modify the definition of /2+ from order to order. However, since we do not consider the effective action beyond O(a 3, a2,8, a,82), the advantage of such a redefinition in the present calculation is slight. Although the modification (3.21) helps to preserve the symmetry between supergravity and Yang-Mills multiplets, one should note that the transformations (2.14) have already broken this symmetry.
(ii) The new transformations of the supergravity fields themselves have also to be applied in the variation of the aR2+ ,SF2-action. In fact, since we neglect higher order fermionic terms, we only have to vary 4% and IX in the Noether terms, and the zehnbein and 4} in the purely bosonic terms.
(iii) In the calculation of this section we have used a number of times the Bianchi identity for the tensor H~,~,. This identity leads to T-terms (see eqs. (3.3) and (3.16)), which have now to be taken into account.
In summary, we have three sources for the O(a3), O(a2fi) and O(afi 2) variations which we have specified above. The ones coming from (i) can be cancelled by using the lemma. The ones coming from (ii) and (iii) are given by where T~ = at%xn ~h,~x~ ~ah + /3 tr F~xFX~. Note that only the last two terms come from (ii). The terms given in eq. (3.22) are the ones which have to be cancelled by the addition of new terms to the action. Before ending this section, we would like to comment on the variations given in eq. (3.22) . Quite surprisingly, we see that all terms contain the Riemann curvature tensor R~,~"t' and the Yang Mills curvature F only through the tensor T, bcj and the tensor-spinor X,6 which are defined in eq. (2.15). This means that in the variations there is a complete symmetry between (R "t,, ~b "h) and (F, X):
We therefore expect that the new terms to be added to the action in the next order will also exhibit this symmetry and can be formulated completely in terms of the T and X tensors. This agrees with the results found from string amplitude calculations. This observation will simplify enormously the ansatz which we will make in the next section for the quartic effective action.
The O(e~3), O(e~2]3) and O(~]3 2) terms in the effective action
In the previous section we have already encountered a number of contributions to the variation of the action which were of O(a3, a2/3, a/32). These terms were collected in eq. (3.22), and cannot be trivially cancelled by a modification of the transformation rules. Therefore we expect the presence of terms containing o~3R 4, aZBR2F2 and cq32F 4, as well as their fermionic counterparts, in the action. This section will be devoted to their construction. We will present an ansatz for the action, and show that the requirement of supersymmetry and the ansatz are consistent. Before we present this ansatz, it will be useful to discuss the ingredients that go into it.
First of all, following the philosophy of the previous sections, we will use ab everywhere the Riemann tensor in the form R,~ (/2). As we have seen, it is in this form that the symmetry between the gorentz and Yang-Mills parts of the action is manifest. Secondly, we will not include any terms in the action which depend on the Ricci tensor or other lowest order equations of motion, and therefore vanish on-shell. Such terms can always be cancelled by a modification of supergravity or Yang-Mills fields, and therefore play no role in the cancellation of the terms given in eq. We will assume that also in the O(a 3, a2~, aft 2) action the contributions from the Lorentz and Yang-Mills sector will occur in the combinations (4.1) and (4.2) (except for a contribution to the fermionic sector, as we will see in eq. (4.6)). This assumption contains two important ingredients. The first is that it enforces the symmetry between the Lorentz and Yang-Mills sectors also in the next order in a and ft. This part of the assumption is consistent with eq. where the tensor t is given in, e.g., ref. [29] . On working out (4.4), using the explicit form of the t-tensor, one finds that (4.4) contains only the combinations T given in eq. (4.1), and not U (4.3). Therefore we will start with an action that does not contain (4.3), and the requirement of supersymmetry will then decide on the validity of this assumption. That this assumption is not entirely innocent follows from a look at the supersymmerry transformations of the tensors defined in (4.2). These are Therefore, any dependence of the action on X~,~ will potentially produce U-terms in the variation. We emphasize that there exists another part of the R4-action, which is not related to the supersymmetrization of the Chern-Simons forms, and has a structure containing two t-tensors [4] . This term does not have a corresponding Yang-Mills counterpart. We will briefly discuss this term in the conclusions. In the fermionic terms (b 1 and b2) we see that combinations of fields other than eqs. (4.1) and (4.2) appear. We have not included terms containing explicit ~-x 04> or H-contributions. These will be discussed later. The determination of the coefficients in eq. (4.6) is independent of such additional terms.
For the cancellation of eq. It is worthwhile to go into some detail concerning these equation of motion terms. The lowest order equations of motion for the Yang-Mills fields were presented in (3.9) and (3.10). In the variation of eq. (4.6) we sill encounter contributions proportional to these equations of motion. They can be cancelled by appropriate modifications to the supersyrnmetry transformation rules of the Yang-Mills fields A, and X. For every equation of motion of a Yang-Mills field, there will be a corresponding contribution to the Lorentz sector. Since ~2~ "~ and +a/, are not independent fields, these terms cannot be immediately interpreted as equations of motion. However, as we have seen in eqs. (3.1l)-(3.15) , all such terms can be rewritten in terms of equations of motion of the supergravity fields, and can therefore be cancelled by changing the transformation rules of the supergravity fields.
8Tu~xp=aR[,~"b(g2 )Ox(iFpl~,"b)+fitrFi,~Ox(iI'olX).
The coefficients in (4. We see that most of the terms containing X,~ (the exception being dl) vanish. This is not surprising, since X,, is the only source of the tensor U,~xo (4.3). In determining the coefficients, it is essential to use the following differential relations:
O~T"~=~40"T+c~( axl~ nXab'~2 t ))R"~ah(~2-)+fltr(OxF~X) F"~ , (4.9)
O.X~=I OX_¼Fu~(aR. Ub(f2 )O~ab+fitrF.~OX ) The relations (4.9) and (4.10) are among the many sources of equation of motion terms in the variation of eq. (4.6). In isolating the equation of motion terms one must keep in mind that the fermionic field equation must be supercovariant, and also contains a X-dependent term (e.g. eq. (3.10) ).
There is an essential check on the above calculation, which is the cancellation of all variations of (4.6) of the form e+~T 2 against the corresponding terms in (3.22) . We have verified that this cancellation takes place.
In the calculation leading to (4.8) we are left with a number of terms which are proportional to equations of motion. These must be cancelled in the way discussed above (4.8). Explicitly, these terms are for the Yang-Mills sector: As we can see in eq. (4.12), the calculation produces only the leading terms of the equations of motion (3.9) and (3.10). These leading terms should be completed to the full equations of motion. However, the missing terms all are of higher order in the fermions, or contain explicit q~-I 0~ or H-contributions. These last terms will be discussed later.
The cancellation of eq. (4.14)
An important consistency check follows from the contribution of these terms to the commutator algebra on A,. These new terms give rise to terms of the form c~fli2F..qF.. T in the commutator algebra. Since such terms cannot be interpreted as a gauge transformation of A, they should cancel, as indeed they do.
ah ~ab
Terms similar to eq. (4.12), but with A, and X replaced by ~2, and appear for the Lorentz sector. As explained above, these terms are cancelled by new variations of the supergravity fields. To achieve this cancellation, we use (3.12)-(3.15) to rewrite these terms in the variation of the action in the following form: It is now a simple matter to obtain from eq. (4.15) the new transformation rules of the supergravity fields. As in sect. 3, we prefer to avoid ~e terms in the transformation rules. Therefore we isolate in eq. (4.15) the ~ terms, and cancel these by adding new terms to the action. These new terms are: In particular, all these terms are bilinear in fermions, and are therefore not directly relevant for analysis of compactification scenarios. With H, a few more index structures than those given in eq. (4.23) are possible, but again all terms are bilinear in fermions. Although a calculation of the coefficients gi of eq. (4.23), and the corresponding coefficients for the H-terms is in principle possible, it is also extremely cumbersome. As these terms are not required for achieving our main purpose in this paper, we have not attempted to calculate them.
Conclusions
In this paper we have obtained the supersymmetric quartic effective action for the heterotic string which follows from the supersymmetrization of the Yang-Mills and Lorentz Chern-Simons forms. In particular this includes all bosonic terms in the action and transformation rules, which have been collected in appendix A. We have thus found all terms which are relevant for compactification.
Both string and sigma-model calculations reveal that the quartic effective action contains another supersymmetric Ra-invariant which does not have a Yang-Mills counterpart. At the tree level the coefficients of these terms contain a factor ~'(3). The overall coefficient of this R4-invariant is not determined by requiring supersymmetry and remains a free parameter at this level. It would interesting to see whether other arguments like a suitable compactification or the cancellation of ultra-violet divergences would fix the coefficient.
We expect that the results of this paper will be useful for the study of compactification scenarios of the heterotic string with unbroken supersymmetry. In particular, using our results, it would be interesting to see whether a particular Calabi Yau manifold is preferred in the compactification.
It is useful to compare our results with the ones following from string amplitude or sigma-model calculations. We find that in our approach the leading term of the quadratic effective action is most naturally given by the Riemann tensor squared. In the other approaches the leading term is usually given by the Gauss-Bonnet combination. The two results differ by terms which are quadratic in the Ricci tensor and scalar. As has been stressed in the introduction, one always has the freedom to redefine the gravity field, thereby introducing such terms in the effective action. To be precise, in order c~ it is possible to redefine the zehnbein by with arbitrary coefficients. With a suitable choice of a a and a2, the Gauss-Bonnet combination can be obtained. We find that the cubic effective action does not Contain purely bosonic terms. This is in agreement with string amplitude calculations where the absence of such terms follows from the vanishing of the three-point function.
Finally our results for the quartic effective action are not identical to the ones corresponding to string calculations [5] . It is interesting to consider the correspondence between the two results. In this order, the only redefinition which affects the terms quartic in the Riemann tensor is the following:
This redefinition gives, when applied to ~,g('(R2), terms proportional to c~T~T "~ and o~T 2. Therefore we see that the coefficients of these terms can be chosen arbitrarily. However, the redefinition (5.2) also gives rise to additional c~2R 3 terms, proportional to the Einstein tensor, in the effective action. A characteristic feature of the bosonic action at O(~ 3) is the absence of a term containing U 2 with U,~xo as given in eq. (4.3). Note that, once a particular parametrization of the bosonic action is chosen, the terms containing the fermions, and the transformation rules, are fixed by supersymmetry.
To summarize, all terms in the effective action we have obtained in this paper follow uniquely (modulo the field redefinitions mentioned above) from the supersymmetrization of the Yang-Mills and Lorentz Chern-Simons forms. The structure of these terms agrees with string amplitude calculations at the tree- [4, 5] and one-loop [6] [7] [8] level. The two results only differ by an overall coefficient which cannot be determined by supersymmetry. Given the uniqueness of our result one would expect that string calculations beyond the one-loop level should always yield the same structure for the quartic effective action. It would be interesting to see whether this result can be understood by looking at the details of higher loop string amplitude calculations. Let us finally comment on what we expect to happen if one were to try to extend the results of this paper to higher orders in the curvature tensors. All terms in the effective action and transformation rules can be grouped into two kinds. The first kind consists of all terms which follow from an iterative application of the lemma we have derived in sect. 3 . We expect that it should be possible to describe the structure of these terms to all orders in an efficient way, thereby possibly unravelling some underlying geometric structure. The other kind contains all terms that follow from a Noether-method calculation. The structure of these terms to all orders is more difficult to predict. Our guess is that in all these terms the symmetry between the supergravity and Yang-Mills fields is manifest. Assuming that this symmetry is indeed present we conjecture that the bosonic terms of the part of the effective action which follows from the supersymmetrization of the Yang-Mills and Lorentz Chern Simons forms can be parametrized as follows:
where R is the Riemann curvature tensor and T--(aR2+ fiF 2) (see eq. (4.1)). In this parametrization it is very natural that there is no bosonic a2R 3 term, since Ru~obT~"h vanishes identically. On the other hand we do expect in the next order to find a4R 5 terms since, e.g. P ubT~"caW 4: 0. Such terms will for instance be (4.19)) in the Noether terms X~, of the aR 2 +/~F2-action.
We would like to thank R. Kallosh, L. Mizrachi, C. Nflflez and A. Wiedemann for useful discussions.
Appendix A THE BOSONIC ACTION AND TRANSFORMATION RULES
In this appendix we gather all bosonic terms in the action and in the supersymmetry transformation rules, in all the orders in a and fl that we have considered in this paper. For easy reference we try to make this appendix self-contained, and therefore repeat some of the definitions that are required to understand the different contributions.
The bosonic terms in the action are 
£P=e~-3[-~R(~°(e)) -3-144-,~0--H"~0

aR~x (~2_)R ~ (~2 )+fltrF~xrX~
T-T~ ~.
(1.3)
In T one finds the Riemann tensor of f2 , which is defined as 
THE COMPLETE F 2-AND R2-ACTION
In this appendix we will add some details to the presentation of R2-actions in sect. 2. The starting point must be the complete transformation rules and invariant action for the coupled supergravity and Yang-Mills fields. With our choice of basis, which differs from the one employed in ref. [22] , the transformation rules are in lowest order in /3: ~0~= (o~-¼ga~?ro~)~ + l¢~(d~X-~X + r°x~ro~),
~oet ' = i-. The four-fermion terms in eq. (B.6) were obtained from the requirement of supercovariance of the X and ~, equations of motion. Note that it is not possible to have X3~/,, or X 4 terms due to the ten-dimensional identity
Xro~'xXL,, = 0.
(B.8)
The terms with four gravitinos are not affected by our redefinitions, and therefore coincide with those given in ref. [22] .
It is useful to have the precise definitions of supercovariant derivatives of various fields and their variations at hand. We include here all 0(/3) modifications due to the coupling to Yang-Mills. First the definitions: For some of these derivatives and curvatures in (B.9)-(B.14) we need the supersymmetry transformation as well. Again we distinguish between 3 0, the lowest order transformation rule, and 3•, the modifications due to the Einstein-Yang-Mills coupling: From eq. (B.26) we can also understand some of the simplifications which occur in eq. (B.1) as compared to the form given in ref. [22] . There is no X2-dependent Lorentz transformation in the algebra, which of course is related to the fact that ~b does not transform to X 2. Also note that the terms bilinear in fermions in 80~b . and 8oX have the same form. This is implied by the fact that they are responsible for realising the h-dependent Q-transformation in the algebra on e, ~ and A,, respectively, and this happens in exactly the same manner.
Let us now exploit the symmetry between Lorentz and Yang-Mills groups. The algebraic structure we have obtained makes it possible to extract an SO(9,1) Yang-Mills multiplet from the supergravity fields. The role of the SO(9, 1) gauge field must be played by the combination ~2~ b. Its transformation rule can be read off from eqs. (B.5) and (B.16): 3o~2~' = ½i/',~b "h .
(B.27)
The fermion of the SO(9, 1) Yang-Mills multiplet is therefore the covariant gravitino curvature +~j,. Indeed, in eq. (B.17) we see that its transformation rule, with this identification, is identical to that of X in eq. (B.2). Therefore, we may use the knowledge of the F2-invariant to write down an R2-invariant as well. To this end, we introduce a dimensionful constant a, and write:
, The new variations, which we must consider in the construction of invariants of higher order in a and fi, have two sources. First there are terms which arise from the new variation of Bu~ given in eqs. (B.3) and (B.29). They manifest themselves in 8H, and also in 8+ ~a' through the mechanism indicated in eqs. (B.23) and (B.24). Then there are terms which arise from the new variation of +~ and ~. These are bilinear in Fermi fields, and complicated. A generalization of our results to higher orders in a and fl would be extremely complicated, not to say practically impossible, if such terms were to be taken into account. This is the main reason that we limit ourselves, in the body of this paper, to leading terms, which excludes the bilinear fermion terms in the variations of the fields. This then implies that we have no control over four-fermion terms in the action, and cannot discuss them either.
The relevant induced transformations which generate the higher-order invariants are then 
